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Abstract

WC dcscril)c a c{)]])])lltatioIlally  cfJicicllt IIcally-c)[)tilllal  IIaymiali  algoritl)ln  to cstilnatlc  rain
(all{]  (l*t)])-sizf-({  ist]iljlltio*l) *)rofilcs, give*l a radar reflectivity *)rofilc at a sil)glc attcl)uatillg

M’avclcllgtll.  ‘1’11(’ algorit]ln)  a l s o  ca]culatcs tlIc r,ln. s. uT)ccrtaiIlty  ill i t s  cstilnatcs. \VC also
dcscrihc  a II IOrC gp)cral algoritllln  t}lat call II)akc cstill)atcs I)asd 0 1 1  a  r a d a r  rcflcctil’it,y
l)rofilc Logctl)cr  wit])  al) al)l)roxilnatc  IIlcasurclnc]lt  of tllc  l)zltll-illtcgrat(~(l  attcIluat  ioIl, or a
radar rcflcctil’itjy  profile aIId a set of I)assivc II)icrolvavc brigl)tllws  tcIn])craturcs.



addad ct al 1!393)  that
articular  vcrtica]  rain

illtjcllsity  ]Jwfilc froln  a givcll tilllc  pwfilc  o f  radal ccl]o I)olvc’rs IIlcasud Ly a dokvlllvad
100lii Il~ (spawlmmc or airborllc)  radar at a si~lgle  attclluatjillg  fwqucllcy.  Illdwd, ill additiol]
to (Icrivillg  tlIc forlllulas  tl}at gu]matc all dctcrJr/il/isi7c  ltlutllally  allll)iguous  rain  rate l~mfilcs
fwIn a givml  pmfilc of mccivd  radal rcflcc.ti~’if  i t s , Jve lla~’c a l s o  l)roducd  (Iladdad  et al
1993) a qual)titatilc  lncasum t o  a s s e s s  lIow’ likclj’  caclI  of  t})mc detcrlllil]istic  [)mfilcs is,

LVIIat the al)propriatc  “average>’ ]) IofilcslIoLlld  ljc, aIId $vllat  t,llc “i’drial]cc” of tllcse  lilulti})le
so]utiolls  is .  II I  mdm to do this,  w fonrlalizd  tllc  siochosf?c  co]lst]aints  tl)at a l l o w  u s  to
IIIakC scl Ise of tllc  words  “average” and  ‘(varia Ilcc” ill a lllatllcIllati(ally  rigorous  way. ‘J’l Ir
(I[ltllltit;ltil’t’  al)pmacll w tllml t o o k  t o  cstilllatc  tlIc rain  Wwuld lxI Ijarticularly  wll-suitcxl
for SIIC}I  systcvns  a s  tllcs])accl)ornc’ Ku-band  l’IccilJitatioll  l{adal of t h e  ‘1’ml)ical  l{aillfall
Meas[]ri]]g  Mission (’1’l{h4Nl),  if it WCIC l~lclrc  t>ilici<IltlyiI  ll~)l(I1lelltal)  lcil~ mal-till~c.  Ilidcd,
0111’ s tochast ic  a~)pmach  l]acl so fal’ mliml OII calculatil)g tllc  full dw)sity  function for tlIe Iaill
Valia}>lm  collditiollcd  on tllc ]adar otmm’atiolis ill ordm to cstilllatc  tllc rail). ‘J’IIc uxultil)g
algoritllln]  was  wry cuInlm30111c  a]ld collll)lltatioll;illy  illtcvlsivc. I II  tl]is work,  JVC pIcscIIt  a
IICW (’xtcIl(lccl-l<alIllal] algoritllln  to calculate t}lc first  and  sccol Id llIoIDcwts of the dmlsity
f~lllctic)llclilcctly.  }4'calso  cxtcItdt  l]cal)l)I()aclltc  ~accc)[]Iltf{)  I[)tllclol~s(I \atioIlssllcllzis(  jilt
additional rail]-Itlodificx~  sllrfacc-lcfl  ccti~’it.y  IrleasumlIlellL,  OI ]rllllt  if)lc-llli  cl.olvak’c-f  rc{jllcll(.y
radiolnctcr  IIlcasumntcllts.

2 Mathematical approach

l;O] siIn])licity,  wc start with tlIc  IIlodcl that tllc  cflwtivr reflectivity ])(T), IIlcasurd  at ra]lgc
7 l)y a (Ic)lt’]llvarcl-lookillg  mo]lo-static  twrrow-t~a]ld  radar sucl I as ttlc  ‘111{N4M l)rccipitatio]t
l{adar,  is ])ro])ortional  t o  t he  AIcctivity  cocfficic]]t  Z of the rai]l at rallgc  r, and t o  t h e
accu]]lulat)ed  attc]~uatio:]  fro]]l  rallgc  O (tl~e  tol) of tl~e cloud)  to raIIgc 7’. t;allillg k(7”) (rcsj).
l{(r)) tllc’ attcnluatio]]  coefficient (K’s]). rail] rate) at range r, }vc assu]nc  for si]n])]icity  that
Z = al!’ and k = Ol{” for so~nc  value  of  t}lc  ])aralllctcrs c(, b, n arid $, and  that tl}c cal ibrated
wflcctivity is tllcwfom given by

(1)



IIkluatioll (2) sllggcsts  Illat if tllc  raitl ])ara]]]etmx  arc IIOt kIIOlVII exactly, mull il)lcso]utiolls  for
1/ c2111 exits. III (Iladdad  d al 1993), we dcscrihe  just  how ]nutual]y  alnl)iguous  tllcsc  lnulti]~lc
sollltiolls  cal I get. 111 tlIc  salnc l)apcl, we also slIo\v that using  t}lc surface Ieturll  ds a wfmc]lcc
d o t s  IIot- solve tlIe  alnl)iguity  })IWLICIII. Since  OIIC has tc) ‘(ii\’c lvitll” tlIcsc  alllljiguiticw,  it is
vmy  im]mtalltl  to know ]Iow likely  car]] of tlIc II Iultij)lc  solutiol]s  is: Sj)wifically,  givcll sc)IIlc

‘ “ s t a t i s t i c a l ”  col)straillts  011 tllc  l’aria})lcs  illvolvd,  olIc \voulcl  liki:  to find kvllat  tlI(~a-l)rior]
~.a\,c,.;,ge)~ so]utio]l  to (2). lJsir]g average va]ucs for tllc  rai]l ])a IaIIlctc Iw is still IIot suflicieIlt
Iwcause CVCII wlImI e x a c t  values  for o, h, CY al)d fi aw given, it is klIcwII  that tllc  IIu}]lclical
ilill)l[’lllcllt:ltic)ll  of cquatioll  (2) gil’cs a  IIu]llcl”ically  u71s/(7blc “illvcrsiol]” algolitllln.

‘1’IIus OIIC is I]atural]y  led to a stoch{lstic  filtering a~)~)macll. olIe !vould like to i]]tmducc
a ‘(lllc’aslll’c” 011 tlIe set  of  all a]nbiguous  })rofilcs  givi]lg rise to tl]e sal]le ]llcasllrecl mflectiv-
itj’  ])rofilc, and try to fiIId tl)c “ a v e r a g e ’) l)wfile  with  res]wct  to t h i s  Incasurc  olI this s e t ,
aloIIg wit]] all cstilnatc  of tlIc Inca[l diffcm!ce  lwtwecII  tlic  II IcIII}wrx of this set of r]lutual]y
alllt)iguous  ])lwfilcs. III (llacldad d a l ,  1993), ww dcscribd  a]] algoritll]ll  t o  coIIlputc  tllc
joint  ])rol)abilily  dc]lsity  fuuctio]l  ‘P for {1/(7),  o, b, CY, /3} given Illcasl]lc~Irl(]lts  of p(r). ‘J’l Ie
“av(’1’ag(’” rain ]Jmfilc and  the “]llc’all  dcviatio]l’> lvitll  all tllc  lllutually  allll)iguous  ])mfil(’s
call tlle]l IN obtai]lcd  from Lllc ]nol[lmlts  of P. II Idcxd, the wsults  wpoltd ill (Iladdad  et al,
1 993) lIave l)ccII ~’cry C]lcouragi]lg.  111 ])artic.ular,  ill tllc  case wlkerc o, L,o a]ld $awassu]ncd
kIIOWII, Illis (tpproadt yitl(ls o sI(IHc: inw.rsion o[go~itf)n) uIIIicll dms 7/0[  rcquim onysuI~acc
rt;rcr(nct ill~ormaiion. l]ut calculati]lg  tlIc fu l l  dcrlsity  fullctio]l  mquimi large a]llcmllts o f
co IIlputm III CIIlOIy  a]ld C1’lJ tiInc, too lalgc to IIlakc tlIe algoritllII]  usefu] iIl a~lywllme I~car
wa-tilnc.  III  olclcrt  orc:(lllcct llcal]lo~lllt  of colll])lltcllcsolllccs  r[~c~~lirccl,latlle]tl~all  calcu-
latillg’P itself, onc  can try t o  colll~jutcitslllc’al]  and  cc)latiallc(:clircctly.  ‘J’llis  alIIouIIts  t o
dcrivillg  tile  cxtmdd  Kallnau  filter appropr i a t e  to  t}]c l) IoblcIII at IIand.  Wc IIOW dcscribc
lIOW this isdonc.

l~imt, wc IIWX1 to s]mify the a-])liori  collst7aiIlts  011 tllc ‘Lstatc vayiablcs”  1/(7>), a, b, n,
/j aIId c(r) =. f: nl{”.  I’or siml)]icity,  wc s h a l l  assulnc tha t  a, b ,  G and  /3 am co]lstallt, that
tlic olIly colistrail]t  olI c is that it bc the i]ltcgral  with res]wct  to 7’ of nlt(r)fi, and  ;vC c’x~)mss
tllc mquimnm~t  that 1/ itsdf  bc posi t ive and  continuous  by writil]g

wlImc  7 i s  tlIc
factor  (I)ossihly

]{(7. ) > ~~(~)+~~ (3)

(Inathclllatical]y)  silllplcst  collti]luous  stoc]lastic  pIoccss  aIld A a s u i t a b l e
zero)  to be dckr]nillcd. S])ccifical]y,  witllollt  furtllcr  a-])riori  illfor]llatio]l.
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\Ye assulllc  tflat r(r) =- .1’(0) -1 C7L(7}),  }vliew .z’(())  a~ld L(7>) are illdq)clldcnt,  J’(O)  i t s e l f  i s
(Jallssiall  with  IIleall  7110 aIId valiallcc oj, aIId tlIe ]JIWWS b(7) has ilidqwlldellt  O-IIlca[l

(~allssian  iI~cmIlcIlts  }Yith  lariallce  e q u a l  to tlIc Cxtcllt ill rallgc  of  tlIe illcmllcllt  illterial.
‘1’IIIIs,  j]] efkct,  ~ve are assul]liIlg  tf]at tlIc a-j)riori  constraints  011 tllc  evolutioIl  of  log(]{)  Jvitll
IaIIRC I ate tl)osc  of  stal]dad  IImwlliall  IIlotioll,  u]) to a }msil)]c  “dlift” tell])  Ar.

Now that wc lIa~c establisl]ed  tllc  a-])riori  co]lstrai[lts  OII tl]e dy]lalnics  of our variables,
w II]ust lnal;e  Cxl)licit the function  //(7) rxj)ressillg,  our  ]lle;is~llc~l~]c]lt  frolll ra]lge  r iII teIIIIS
of  OUI s tate  variab]cs. l“wln  quatioll  (l), one call sce tflat

//(7’)= log((l) -{l)(T(?’)+  A?’)- o.2k)g(lo)c(r  )-l

l,d us write ON for tlIc r. In.s.  nojse  level  iI] tl]c Illc:as(]](]l](llls,
sl]all a t t r i b u t e  IIme to I{ayleig]l fading  ol]ly (systeII) Iloisc earl  l.)c

exlmIsc o f  Itlakillg  tfIc ex]mitioll  solllc~vllat  IIIOIC cLIIIllJC’IsolIlf’).

Noise. (4)

}vllicl],  for sinl~)licity, IYC
ake]l  into  account,  at t h e
Sillceouy  data cc)llsist of

[IIC a~’cragecl  l)ower  of Af illdc~x,lldcllt  pulses, tile IIoisc terIII ill (4) would be tlIe logaritllln
of tfle  average of tlIe  scjllalecl-IllagIlitllCles  of M illdepellcleut  stall  dad co II IIJlcx G a u s s i a n
valiablm. llellce,  as sooIl as Al > 4, it is quite  reasonable to assu Iue that this Iloise terIrl is
itself  al)pwxi]nately  a O-nlcan IIorll)al valiable  with  variallcc  a~7 & 1 Ill./

\Vc arc IIOW ready to a])})ly tl)c staIldard  IIlacl)illcry  o f  s t o c h a s t i c  filtcril]g  to ol~tail).
tlIc  best cstilnat,e J{(7) o f  t i l e  rail] rate at IaIIgC T givml a l l  tlIc observatliolls.  Silice tlIt~
relatio]]  dc/d7” = 01{” is IIoll-li]iear, wc cal]llot  use a straiglltfc)rjvzllcl  l{alIIlarl  filter to solvf>
tf)epmhlc]ll.  \17e(}losct  ollscaI  lcxtcllcle{l  l{al Illilll  filt(’Izi  lJ])roacll,  llsillg  afilst-ol(l(:lrl’a  ylo~
series  Iillea IizatioI]  tooljtai]l  both tlIcdow IIlva7d mtiltlatc  (sta7ti  IlSfmIll  ttleto~)  of tjllccloucl
7 = O )  and tllc upward  estilnate  (starti  Ilg fwlll tl)e ocear)  s~llface). ‘1’he tl]eory  alId details
lwllilld  t h e  tecl~]liquecall  be found  forexa]l]l)lcill  ti5kselldal,  1$35, 01 Jazwillski, 19T0. l~or’
col II])leteIIcss,  we sumnlarim  t}le flow of tlIc particl]lar  a]golithln  ill tllc  case at IIalld, wllell
tflc ])aralt]ders  a, b, n iuId @ are assulncd knowlI.

I’imt, o]le Inust obtain “dolv])ward”  esti  I]]atm .i:~(?>)  al]d ~~(r) of tile  s t a t e  I’a]iables  .7’
and c at, all rallgex  r based OII all c.a]lier ]ncasurwl~m)ts  ol)tai  I]ed for r’ < r, aloIIg with thci]
coi’ariallces  ])..2. (7’), pCT(7. ) and pCC(7>). ‘1’0 do tl]is, OIIC m u s t  start, Jvitl)

i’d(o) = ?)t~ (5)

t~(o) =- () ([i )

))C(.(0) = o (’/)

])-, (o) = o (8)

])T,(o) = 0:. (9)

‘I’l IeII, give]) our estilnaks  at ra)lge  7, tfl)c esti]]lates at rallgc  J -+ 6 call h ohtaiiled  ill t w o
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tl)c fo?mlu]as

(lo)

(11)

(1)!)

(.) , ~lj~’i h f.fi(~(’)+ “)jjr,(t)di (1:{)lL.(7’ i Q = ]),, ?

[

7’+ 6
jcc(?’  + 6) = ;)Cc(?-)  -1 X2p ~ff(j(f)i ~~)jj,.,,(f  )(//, (14)

.1

tlICII  l)y acc.ouIltillp;  for tjl IC Ineasumllcvlt,  2(7+ 6) ol)tail]cd  froIll  IaT]gc 7-} 6 usi Ilg, tljc  forlllu]as

I)j,.r(r -1 A) - o.~log(lo)jc-,,.  (r -i J)A
i({(?’  + 4) = i(?’ -1 6) -1 - -

1)
(1:))

bj,.,. (?’ -j 6) -  o,210g(lo)jcL. (7 -1 fi)A
t(/(r+ 6) == ?(?’+ A), -{ - ---- ~~ -,, -- (16)

Wlim’ 1) =’ (o,2k)g(lo))2jcc(r  -t 6) -  2(o.210g(l  o))h/j.r(r’ + J) +  (Yjrj. (r -1 d) + (7:,, all[l
A =- 2(7’-{ 6) - (Ic)g(a) +{)(~(?”-+ 6) +  ~?’) - O. Z] C?F, (]()) /:(?’-} d)) lllC’aS[ll’[’  t}l[: alllollllt  hy \v]Ii(”]I
1 Ilc ol)scrvatiol)  that  would  coIresl)olId  to tile  l)relirlliliary  cstiI]latws i aIld t: dif[”crs  frolll t IIc
actll]al  IIlcasurelnmltc

‘1’lIc u~)~vard  l)oItio:l  o f  tlIe algoritllln,  to ol)taill  ‘“ul)ward’) cstilllatm iU(7)  and  F,,(7)
of tile  state l’ariables  :r and c at a l l  I’aligcs  T lmscd 011 a l l  furtllcr  Illcaslllc:lll(’llts  ol)tailled
f o r  7}’ > 7>, l)rocds  ill a silni]ar fas}lioll, cxcq)t  for L])(: ol)l’ious  sign cllallgm  tl]at arc tl)cli
IIcmssal’y. OIIc lnust  the]] Cmml)illc  dowIlward  and  ul)wa7d cstilnatm  t o  obtail)  tllc  ol)tjill~al
estill)atcs  .i’ al)d ; bad 011 all tlIc wfldivity  data. ‘1’llis is doIIc using  tl)c folIIlula

(17)

at f’lrcry Iallgc  r, with 1’ dmlotillg  tlIc appml)riatc  covariallcc  II lat7’ices (wc lla~rc t ac i t ly
aSSLII IId that all variables am evaluatcc]  at tllc  salt]c raIlgc 77), ‘1’IIc optilllal estiIllate  fiTo~07(r)
o f  tlIc Yaill  late itsdf  is thml  givml  by tlIc  111 CaII f(’”(r)’  ‘~’, w}licl),  since  .1’ itself  is l)rowlli;lIl,
1)(’COIIICS

ii,ad(,,(r)  =- ( i(7’)+Ll..5p=1  (T)+ .17 (18)

and  its r.lll.  s. ullwrtail  Ity CJTQ~oT(7’) by

.
~m(ial’(~) = ~i,(ld(,, (,.) . {(h(r)  - ]

(i



.4s [’xl)cctcd,  tllc  lesulting  algoritlllI]  tuIlls {jilt to l~c or(lcls  of lnag]litudc  tIIOIC cfliciclit
tlIalI tile f u l l  clcIlsity fllllctlioll  a])])mach  dcscril~ccl ill (Iladdad  et al, 19{)3). l;eforf discussing
ttlc  ])ractica]  applicatiolts,  lvc still Ilcd to dmcrilx’  ]tolv  olIc sl)wjfics  Ia]ucs for t,]]e ])ara[lletcrs
7//0,  00, 0 alId A. Altllougl)j  as ;vc shall sw, i]) j)racticc, tlIe cxdct  values  d o  IIOt afl”ml  tlIc
cstill)atio)l algoyitl]lll  significallt]y  (after all, \vl IrII a , b, (1 and /? dl’C kllO\f’11,  tllC tllC’01’Cti(”iil

sol~ltioll  i s  Illliquc),  ollc s])ould ccrtaill]y 17j~ t o  g i v e  tllcl]l at  least  l)llysically  lcasoIlalJlc
l’al Llcs. ‘ 1 ’ 0  d o  tl)at, }vc use tllc  a-])riori  collstlaillts  wl)icll Ivc lla\c illll)oscd.  It follotvs  fmIll
(3) t]]at  t},c cxpectd  ,Jaluc of t?lc *ail)-rate 1~(0)  at t}lc to~~ of t},c rai~] COlUIIITI  is

an(l its mlativc variance  is

(21)

1]] })ractice,  we set a lnillilnuln ‘(thrcs}lold  onset’)  value 1{,,,,,, for t}Ic sInallmt significant  rain
rate wc cxlwct  at tlIc top of tllc  rain  COIUIIIII , aloIIg Jt’it}l SOIIIC mtilllatc  for the associated

IIlcall  relat ive urlcertailltly.  ltquatio  Il (21 ) tllell ilnplics  that wc slIould cl Ioosc

and (20) ill tur Il ir)lplim  that wc s}tou]d tlicvi C} IOOSC

(23)

‘1’lIe c]loice of A is soll]cwllat  IIION l)ml)lclllatic. \47c do know that, a ])riori,  hy dcfinitio]i,  tlIc
rai]l rate s h o u l d  iI]itially  illcmasc with  rallgc  fml]l t}le  a-~JrioI’i  value  l{~,~i~~.  ‘J1his would irl]l]ly
a ]Jositivr  drift  A. ‘1’0 get a value  for A, Ivc 1001;  at tlIe tcIlnillal  Lcl]avioI  of 1{. \\JIitilig  1{’(7’)
fol’ l{’(r) =- ]qr~ - T), wllcm  rs is the rallgc  of tl)e surface,  and  if wc mvcrsc  t}Ic coIlstl’aillt
(:;) in ti~nc to al)})ly it to R’(T),  OIIC fillcls  that tlIc b-a-} )Iiori” (wit]] tililc mvclsc(l)  cx])ectc(l
I’alIIv for 1{’ will I)c gi vmI t)y

Sillc,e  wc IIal’c a ]jriori  lIo rcasoli  to exj)cct  tile  Iaill rate to illcIeasc  or. dccIwasc as OIIC Inotes
l]]) fmln tllc l}ott, oIIl of tllc  rai Il colul II II, it, is IItitural  to CIIOOSC  the value

7



last. wc IIIIISt d e c i d e  OII a value  for u. III practice,  t h i s  ]Jarallldm coIItmls  llIc a ~)riori
I’ariatiol]  f{(.T(7’ -j 6) - .T(74) )2} = uzfi. III f a c t ,  tlIc average  a ])liori Iatc-of-cllal)gc  o f  1/ i s

(2(i)

3 Applications – radar only

III practice, wc sta Itd wit]] tllc  values o = 2,5,5, t) = .31, and  tllc  typical Ku-band values n L
0.0285  alId /? =- 1.1. ‘1’0 clctern]ine  tlIe paralllctcrs  o~ al)d 7)1~, we use quatioIls  (22) and  (23),
cxccj)t  that latlIc I tllaIl sl)ecifyi Ilg 1/ 7rti7,  ~lld  j~s va~jallcc  d i r e c t l y ,  WC s p e c i f y  tllc  miIli  InulIl
tlllc~sllolci-oIlset  mflcctivil,y  Z,,,~,, allcl  its IaIiallcc. l’ractically,  W’(:  Wt 10 10~]~}(Z,,~,,)  =  2 6
d]], so tl~at IIomillally  1{,,,~,,  = (Z,,L~,, /a)l/b & 1.4 *11]11/11*  ill ou* case, tllc’11  lve IISC(I this valllc

ill ( 2 3 ) ,  with tllc fol]o~ving values  iII cquatioll  (21?):  Oj =: log(lOtO’j”@J)).  l~i Ilally,  for a, m:c
, .

u s e d  tlIc val IIc givcll by cquatioll  (26) wit]l 8{1/(7 -+ 1 )/1/(7)}  = 1.5, I ill kIII.

‘]’0 test our  a]gorit,]ll]), }VC III(’II  sylltllcsiy,d  radar reflectivity  ~)mfilcs  staItil]g  ~vitll eaclt
o f  tlIIcc asslllIld  rain  rate ])mfilcs,  using  fadi Ilg IIoisc  (ollcs])[)ll(li]lg  to tl]c aveIagc o f  [JO
iIldqwIldOlt  pulsm. ‘1’t]c tllmc iIlput  lain rate ])rofilcs  WYre

l)rofilc  A (linear-then-constant):  tllc rain increases lillcarly  fro]]l 1 111111/111  at IaIIge O
II]) to  5 111111/hr  at rallgc  r =- 2 kIIl, thel~  Iel]iail]s  coIlstJa T)t at ,5 Imn/111 until  tllc  surface
l’al I g(’ 7’,9 =- 5 kIn (SCC figure  1 ).

l)rofile  11 ( s a w t o o t h - l i n e a r ) :  t he  raiIl illcmas(>s linearly  f’mrn 1 IIIIn/111  at IaIIgC O u~) 1,0
25 111111/lIr  at range  I == 2 kill, t]~cII dccIeasPs  ]iIleal]y  dowII to 12.5 111111/]11 a t  rallp;c’
7’ =- 3  kin, tlICII hack  u]) to 25 II IIn/l Ir at 7 = 4  kIII, aIld fiIlally b a c k  down to  12,5 k]]l
at r. =- 5 k]n (SCC figuw 2a).

l’rofi]c C ( s a w t o o t h - l i n e a r ) :  tllc rain  illcmascs  lineally  f7wI]1 1 11~111/111  at Iallgc  O u]) to
75 III In/111 at raIlgc  7 = 2  k m ,  tllell dcmcascs li))ca~ly  do\vII to 37 .5  11-1111/h I at ~aIlgc
7 :- 3 kin, tlIcIl  l)ac.k up to 7,5 111111/111’  at T = 4 k]]], and  finally  back  dowII to 37.5 k]])
at ?,, = 5 kill (SCIC f igures 3a and  3L).

Wc tlIeII sul)l)lied  the syllthcwizd  lcflectility pIofilcw  as  illl)ut,  to  ouI  algoritlllll  to cstiInat.c
tllc’  associated Iaill  latcs. l“igum  1 SIIOWS the csti]llatd  Iaill rate profile  allcl  the associated
I.lll. s. ul]certai Ilty WIIe  II LIIC i]il)ut was ~Jmfilc A. ‘J’l Ic cwti Illatcs aIc ll)aIlifmtly  quite acc(lratc.
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\vc tl”icd C’llilngirlg  tllc  value  of z,,,~,, o\’cI’  tllc iIltCI”val  20 < z ,,,,,, ~ ~~ (]]], \\,jt]) I{,su]~,s t])~t,
~vcrc less tl]al] 1 %  ofl’ the oIIes iIl figure  1 . l“igurc  2a slIo\vs  tllcrsti]llatcsof  our  algoritll]]l
}tll(]ltllcil]])l]t  ])lofilc:~!’as])rofil[’11. l`'igLlIf:2 l~sllc~\\st]  lc`csti]I  latcs\vl lcIIE{lt(  7-l 1)/1<(7)}
is increased  u]) to 3, and fig LIIc ‘2c s n o w s  the cstilllatcs  \vtleIl  E{ I/(r- -i 1 )/1{(7”)}  is given
tllc Valllc 1.1 the effects  am sInallcr tllall  the I.lll. s, ullccltaillty  iI) the cstilllatcs.  l’iguws
3 a  alId 31] slIow what, call lla])lml  at larger rail)  Iatcs, sl)ccifically  WIICII  tllc  ill])ut is ])mfilc

C;. ‘1’lIc csti]natcs  in both cases arc qui te  dose to tlIe actual values  up to EI Iallge  of 3 kIII.
l@wIId tl]at,t  llcalgoritill]lk~e  gi]lstc)  ()vel-oll]l l(l(I-(`stiIllatcI  loticeal)ly.  ‘Jllcreasoll  fortlle
CIiscrc})alicy is that tllc irltI’irlsic  aI~lbiguities  iI) lIIC rail] -Iatc lcflcctil’ity-])1’(~filt’  mlatiml can
I)e qllitc pmIlouIlcd,  m])ecially  at IIigl]cr  raiIl rates. 11) f a c t ,  ill gmlmal,  l)y cllangiIlg  tl]c
lain ])aral]lctcrs  a, b, n or /3 by sIllall all]ounts,  olIc call sucmd ill constructing  sul)sta]ltially
diflcmlt  rain  ]Jmfilcs that ])mdllcc  identical re(lcctivit,  y prc)files. AswasslloivIl  ill (Iladdad
d al, 1993), at, higl~ rail] r a t e s ,  tile  cx])oIlcIltial  colltl’ibutioll  of tlIc.se  allll~iguititcs  call gmw
v{~l.y (~~lj~k]y.  ]~jglll~ 3a S]IOWS  OLII a]~()~jt, ]llll’s  t.st, jlllat,  cs lt,jt]l  t]lc Oligillal  ])alalnctc[’  l~alllcs  as

almve,  and figu~c 3b sl)ows tllc  estlililatcs  w}IOI L is cl Ial Igd fmIn  1.31 to l,31;~, i.e. by a IICMI
().2% ! ‘1’lIc ambiguity is ms])ollsible  for the illcrcasiIlg  I.111.s. ullcdaillty  ill tllc  Cstilllatcs:
tfle algo]itl]?)l  rmogl)ixm  that i t s  cstimatm ale lms aIld less ~)mcise a s  tllc  lmtcnt,ial  for
allll)iguity  illcmascs  wi th  rangr. OIIC cmIlclusioIl  that  call be drawIl  fIoIn tllcsc  ol. mcmatio]ls
is that it would bc ob~’ious]y  unwise iIl practim to fix valum  for tllc  rain  ])aralllctms  a, b, m
all(l j;, cspccial]y in cases  wlIcIc  oIIc cxpcds  susiai Ilcd IIigh Iai Il rates.  lrlstcad,  OIIC SIIOUICI
II Iodify  tlIc II Iodcl to allow these paralnctm to lx’ tllmllsclvm  stochastic, as was doIIc ill our
l)rcvious  fllll-(lt’llsitjy  -fllllcti[)Il  a])])roadl  (Iladdad  et a l ,  1993).  n o w  Lllis  call lJC’  dollc wrllile
still Iiccpillg  the algolitllln  cflicicllt  is dcscrild  ill tllc  IIext s ec t ion .

\41c CIId OIIr ladal-only  test cases wit}} Illcasuml da ta . l’1igu7-c4a shows tlIc estiInatcd
lain rate obtained usingou~  cxteIlde(l-l{alll-lall  algorit]lnl  with  tllco  Iigillal  ])araltlctcl  values,
WIICII tllc in])ut, was  oIle of tllc  radar dcctivity  ])Iofilm lr~casumd by J1’1,’s Alih’l  Alt l~dii~
(1 )UKICN d al, 1992) over  the WeskrII  l’acific  Occal]  duri]]g  tlIc lTOGA-(~OAl{lt  (Ixpcrilncllt
011 l’cbruary  4, 1993, at 15:35 local  ti~Ilc.  lktails  of the particil)at,io]l  of Al{hlAli  in COAl{lt
call be fOIIIId ill (Iji et a l ,  1  993). l“igutc  4b slIows  OUI algoritllln~s  cstlimatcs  lvl IcII tllc  rain
])aralllctcr  values  wcw challgccl to a == 3 0 0 ,  L : 1 .4 ,  & := 0 . 0 2 6 ,  i? = 1 . 0 8 .  ‘J’llc  Idativc
diflm’ellcc ill the mtilllatcs  illcmases,  es]mcially  over tllc  last tlvo kiloInctc73  wllem  i t  goes
fmln 100 % up to CIOSC to 300 % . l;or coI]lparisoll, figuIc  4C SIIOWS the mtilIlatm obtaiIld
usilig  ouI fllll-cleIlsity  -fLlllctioI]  code (froIll IIaddad  et al, 1 993), w’l Icm wc had agai Il assu IIld
tl]at o = 300, b = 1.4, 0 u 0.026,  /? = 1.08, ‘1’11(: diflcmlce bctwcml  tllc  two  mode’ ] s  ill
tllc  s t o c h a s t i c  constraints  oII ihc rail) late cxplai  Il tllc diffmvlm iIl the r.lll.  s. uI]ccrtaiIlty
values Ijctw’ccl)  tlIc two gra])hs. otllmwisc,  tile  cstilnatm  am mllarkahly  close. Y e t  w h i l e
tl)c  IcsIIlts  of OUI old fllll-clcIlsity  -f[ll~ctic)ll  algoritlllIl  t ook  several  lIouIs of coIn])uter  C;l’lJ
tilllc to ])~odum,  the cstilllatcs of tllc  Cxtcllclc:cl-lialr[iar[  algoIitlltrl  took less that]  a secoIId.

(j
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\t’c slIall  return to tlIc Al{MAlt data ill t}lc  l a s t  section  ill order  to i l l u s t r a t e  lIOW
radionlctcr  lI)casLllelllt’lIts CaTI IIcl]j deterlllille  tllc corr(~ct,  ])aralllctcr values  t,cj USC, aIId IVXIUIC
tlIc Illlcertaillty  ill tllc  cstilnatcs.

4 Coupled DSD-based Z--l{. and k--it relations

●  that NO is rclatml to tlIe rai Il rate 1{ I.)y A’(1(7) ~ 110f/(7”)A (r) ’*G7+~’/1’(4, [iT -~ ~{), \vl IcII
1) i s  m])ressd  ill ImII, 1/ ill 111111  /lIr, and A’(l~)dl~  ill II UIIIlXIr o f  drops  pm Ins
this fol lows direct ly froIn tjllc assulll])tiol]  that all dro])s are fallillg at tllcir ]wlvcr-lakv
tcrlnilla] vc]ocity  (see IJadclad  ct al, 1993, for  detai ls) ,

●  that,  II, A and lt arc a l)riori iIldc])clldcIlt,

●  aIId t,liat it al)d A arc (for lIow) collsta  Ilt Ot’cr tl]c Iaill colu II III.

‘] ’]IIIS  iy(~ arc dcscIiLiIl& t]IC rail] COIUIIIII  Ly s])ccifyiIlg tlIe 1 ) S 1 )  at every  raIlgc  1/, using  tile
rai]l rate ])rofilc I{(T) al]cl  two acldit,  ioI1al  ]malncters,  j{ allcl  6. As stated above,  ~vc shall  start
l)y assulllillg  that I, IICSC two additioIlal  paraIllctcrs  are coIlstaIlt  ovm tlIc raiIl COIUIIIII. As we
shall see later, this silllplifyi  Ilg assuln~)tioll  is lIot crucial to tlIc dcrivatioIl  of tl]c algorithlllo
Ilsillg  tl]is dcscriptiol)  of the rain, oIIc call replace tllc  p o w e r - l a w  2- 1/ and  k- It rclatiol~s
Ijy aIly IIlorc rca]ist,ic  l)l]ysical  Inodc] suclI as Llio-scattcrillg  or a ‘J’-lnatrix ca lcu la t ion .  IJor
this ])a]wr,  howwvm , Ivc shall  stay witl] tllc  sim])lc p o w e r - l a w  Inodcls.  lJIIder  tllc  llayleigll
IIy]mtllesis  (for Z), and usiIlg a power law to relate tlIe total scattcriI]g  cross-scdioll  of a
(lro]~ to its diameter (for k),  the aljovc  assllllll)tiolls  ])roducc  the rclatioI)s

z = 140-
1’(7.26 -i p) ]{1 + 2.59b

I’(4C67 ; //) ~ (1 -1 p)~~g
(~i)

1’(5.33 -{ p)
and k =- 0.026 —- ](1 + 0.86L$

1’(4.67 -t p) . (4 -! p)~”~~
(28)



5 Incorporating additional measurements

‘I’l Ir prm’ious  s e c t i o n s  dcscril.)cd how to Cstil]latc  tl)c rail] ~ariablcs  givml tllc  radar reflc(-
tilitim  oll]y Wlli]c  t h a t  i s  il)tercsti~lg  ill itself,  one Rould  like to  hc a b l e  t o  account for. .
additio]la] IIl(,aslll(:l)lcllts,  SUCII  as ~)assivc Inicrolvave  l)rigl]tllcss  tcllll)craturcs,  to rdl]cc’ tllc
il)llem)t,  alllhiguity. ‘I)l]c  I\ayesiali  approac])  wllicll  we l]avc takml s o  far call guide us in IJCI-
forlllillg  this data fusiol]. IIldcd,  callillg  F tl]c vector of briglltlims t(’lll])clatlllts,  we Ilecd to

. .
Colll])utc ill[’  colldltloI1al  dmlslty  fullctloIl  P({li(7’)}o<T<T3>  /1, 6 I j:, j~(7>) ) for tl)c rain  variables
{l/(r)}o~r<r,, ,1 al]d $, give]) a  r e f l ec t iv i ty  lJmfilc ])(7) a],d a set of l,rigl,t*]ms  tc~,)~,cratllrcs
T. IIy l~aycs’s tllcormn, tl)is ]Jroljal~ility  is givc]l  I)y

‘1’l)c first,  tcr{l]  ill (Illc rigllt-llal){l-sicl(’  of (29) i s  tl]c ~)rohal~ility  of !lIC I)riglltllcss  tmlb
])cratllrm  ‘/: ~=- (Ii, . . . . ‘I;, . ..) givml  all tllc  olllcr data. ‘1’llis f igure ca~] Lc obtained  Ilsillg  a
“follvard” ll)odcl  to coInpu  Lc tile  brightness  t(~l]ll)clatJlltc:  frolll tile  ~)llysical  rain  d a t a .  III
fact, wc shall assu IIlc that we have all cfficicl)t dctmnil~istic  forward algoritllln to colllJ)utc
tllc ‘“l]lcaII” l)riglltncss  tclnpcraturcs  j; at tlllc rcleva]lt  frquc]lcics  that, corrm])ol)d  to a
giv(vl rain ])1’Ofil[’, along  with  all a])pmxilllate  fol]llula  giving  tllc  r.lll.  s. dcl’iatioll  o,j to  Lc
(’x])ectd  al)out mcll of tllcsc  average I)riglltl)ess  tclll})eraturcs. (jive]] suclI a fonvard  ;IIOCI121,
WC cal I rc])]acc  t})c first, probability iIl the ligllt-lliillcl-siclc Of (29) by tile l)rocluct of (;aussialls
Gay, (Y; – ~’j) wit]) lIlcalI  ~j a]ld variarlce  aj, . ‘J III US,

1 J

(30)

)Iicit tl)c dqmldmce  of ‘;; and  a~, orI the rain  data (p, 6, p(r)).

tile  ligllt-lla~l(l-si(l(~  of (’29) call be further  split iIIto tllc  ~)roduct of



III tlIc  ligllt-llall(l-si(lt,  of ( 3 1 ) ,  tllc  first tcrlll  i s  (xactly  lvllat Ollr exl,clldcd  Kallllall  filtl:’r
dcscrilxd  j]] tllc  ear]icr scctiol)s  coIIlputc5: the ]Jrc)l)al)ility  ful)ctio]l for tllc  rail] rate ]Jrofilc,
ass[llllill~;  II and A al]d tllc  ra(lar rcflvctivitics  file lill O\\f I1. M o r e  ])rcciscly,  our mtclIdcd-
liallll:ill-filtolillg  algoritllll)  colll])utrs  tllc  f i r s t  It!o  l]lolllel)ts  of tl]is dmsity  fullctioI1. ‘1’11(’
s(’co]ld trrltl  ill t,]lc’  ljgllt-llall(l-sj(lc  is tllc  dellsity  fullctio]l  of jl al]d 6 gi~’ell  tllc  radar rcflccti[’  -
iti(w, Wrc shall al)l)roxilllate  it with tllc  a l)riori density  function  P(/1,  b) for II and  fi, IIaltlcly
a ]Jroduct  of two illdqmldcllt  uniforltl  distritjutiolls. IJast, tile llorina]izatioll  constja~lt A’]
IIlust  t,ali(’ olI that value wllicl]  IIlakcs tl)c Icft-l]al]d-side illtrgrate  to 1.

l’utltjll~ (29), (30) a]]d (31) togct}lcr,  OIIC thus fiIIds that

(3:2)
wlIrrc tllc first II]o]ncIIts of tllc  first  terlll  o]i t IIe rigl]t arc coIt]})utd  t~y tllc  cxtell(le[l-l{alI1lall-
filter (lescrihd  ill tile  [)rcvious  scctiolls,  al)d wllerc  A’ rc])rescllts  tllc  Ilorlllalizatioll  constant
KC) . Kl. Wc arc filIally ready to write dowl) exl)licit  ex])rmsions  for tllc  optlilnal mtilnatcx  of
//, 6 a]ld II’(7) given  p(r) and 1. llldd,  all wc IId to do i s  ca lcu la te  tlic  valious  lneal)s  of
(3’2). ‘] ’],,]s, tile  o])ti]])al est imate ~/rQdoT+ ,Jo.$.$i,l, (70) for  l{(rO) at ally rallgc  r~ js obtaillcd  hy
takillg  tllc  Il)call  of lt?(7’o):

wlIcrc }lTodLl, (77.; if, &) is the r a d a r - o n l y  cstjlnatc  ol)tailld  as ill forlnu]a  (1 S). ‘J]]ius,  tlic
o])tillla]  cstilnatiol]  of tllc rai]l rate ])rocmds  jll ttvo stc])s: first, wc co]llpute tllc  radar-only
mtilllatrs using  all cflicicllt  extcl]clccl-l{all  llall-filtclillg  a])proac]),  for cacll ])ossihlc  ])air (~(, i);
IIcxtl agail] for each (p, 6), wc calculate the corrcspo~lding  hriglltllcss  tcl]lljc~~at~lres.  l~i)lally,
at eacl] ral]gc  7’., wc pcrfonn the doul)lc  intqyatiol~  specif ied ill (33) to csti]natc  tllc rail)
rate itself at that ra]]gc.

If, i~lstcad of ])assivc  micmwavc briglltl~css  t[lII])clatl]I{>s, our additional IIlcasurmnc[lt
c o n s i s t e d  o f  the I)ath illtcgratcd  attmluatiml  (1)1 A), wc would  usc a sjlnilar algoritll]]]  to
illl])rovcollr  radar-  oll]y cstimatm  and  colldilio]l  tl)c[l]  further 011 this additiol]a]  lI)C:IS1lICI]]CIII.
lII(ld, ill this case,  tl)c’ o]~tilnal cstilllate would  bc



i{,”dflr(?’o) & A’” .
H

L7A’(,; /1, A) “ ?(}1, 6) (1/1(16. (35)

Silllilar]y,  ill tacl]  of tl]cse  tl}lcc cases  ( r a c i a l - o l l ] y ,  radar-l ])assi~’e, radal-i I ’ IA) ,  OI]C callA
col~l])arc  tile varial)cc  o f  1{, i.e. tile  error  Lar t]lat  tlic  algorit,}llll  itself inl]mscs  0]] i t s  o~v]i
mtill)atc,  ill order  to dccidc lIow the aInbiguity  is I)eil]g  rducd, if at a l l .

6 Applications

l“igure  5 SIIOWS  tl)e graljli  of lIIC “fortvard’)  function  wc used
(Jllz l)rigllt71ess  tcln]wlatum ~’j(~f, 6, p(7)), IIaIIICly

o  coIIl])utc  tltc  average 13.8

Tj(//,  &p(?j)=- T-t @-- T)lo-~”  @’J- :/’(1 - 010-” ”2;(TJ (36)

Wllcl’c  c = tllc  s u r f a c e  cvnissivity  m 0 , 3 S ,  7’ = tl]c atr])os])l)erc  (])llysical)  tcll~])eraturc  N
280’ ’  1 ( ,  f =- tjllc surface (I)llysical)  tcltl~)(~latj~ll(:  V 300°](, and  wlIm’  /(7,) is the estiInatd
illtcgratd  attelluatim) at t h e  s u r f a c e  r = r S, wllic]] i s  coIIl])utd  hy our  cxt{’r]clccl-l{alIlla]l
algc~ritl]l]l  as a  f~lllctiol]  of II, A al]d t}lc iIl~)ut ])rofile  })(r). l“or r\7cI)T  vall]c o f  c, earlier
calc[llatiol]s  (lludmi  et a l , 1 994) IIave qualltifid  tllc  cxl)ectd  sl)rcad  of t IIe a s soc ia ted
1)1’ig,lltllc’ss  t(!lll] )(:latlll’cs: illc lllillilmlln  and  lllaxilnulll  vdlues arc show]) t~y ttlc  dottd  curves
ill fig(lrc 5. W(’ added this illllcrcllt  Variallcc ill tllc  fo rward  forlllula  to tl)c variance d~lc to
tllc  ullccrtaillty  cJ~ ill oltr estilllatc  of /(rs) to olJtaiIl all ap~)roxiIllatioll  to tlIc 111.s. dcviatiol]
CJjJ of tllc  I)riglltllcss  tclnl)cratjurc  prdictd  hy ( 3 6 ) .

Startil]g  will] illdcpcvldc]lt  ulliforln  dist,rit)utiol]s  for 11 over tlic  i]ltcrval  [- 0.5, + 3 . 5 ]
dlld for fi over  [0.08, 0.23], we tl)cl} used forlnulas  (35), (34) atld (33) to ol)taill  radar-  ol]ly,
radar+ I)IA and racial+-racliolllctcl’ mtimaks  fol cad of our  saIIllJlc  profiles col)sidcwxl in
scc(ioll  3. l~igure tja shows tl)c result, of tllc  radar-  oll]y estill)atiol)  (35) ill tllc  case of ~)rofile
11. IJigum  6L s]lows the r e s u l t  o f  tllc raclari I’IA csti)llatio]]  (rcfsixtcml)  assulnillg  tliat tile
l):~tl)-illtcglatc:cl  attc’lluatioll  is the o]Ic cc)llcs])(~ll(lillg  to ])rofilc’ 11, Ilall)cly 0.695 d]], up to
a]] 1,111. s. u]lccrtaillty of 0 . 1  dl~, and figure (k SIIOWS tile mti]]late \YIICII  tllc  I)IA ullcmtai]lty
is assu IIlcd to lx 0.5 d]]. ‘I1l IC ullccrtaillty  ill tl)c rmuliil)g  rain-rate cstiltlatcs  decreases tllcll
illcrcas<~s  accordingly.  lrigure 6d SIIOIVS tllc  radar-l radiol[lctm  cstilllatm using  (33), ~v]lerc
tllc  ])assiI’c  IIlicrolvavc  l)riglltness  te]n])craturm arc IIalldld a s  d e s c r i b e d  ill tl]e ~)reviolls
]mlagra])ll.  III t h i s  case ,  f igure  5 iln])licw that  tile  ullccrtailltly  ill tllc  relatio]l  bet,wecll  tllc
l)rip,lltllcss tcl])~maturc  Yi H 242.5°K and  t,llc Iadar attrlluatioll  i s  rclativc]y slllall.  ‘1’lle
acc~lracy  of tl)c radar+ radiolnctJcr  estitllates  is tllcrcforc quite  good ,  alld tllcir unccrtairlty
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cjIIitc sII1all. l;igurcs Iabcd s h o w  \vl Iat lIa])lmIs  at IIiglicr  rain  rates, 1( ’igurc Ta SIIOWS tllc
radal-o])]y  cstilllatcs ill the case of profile CU. ‘]’]Ic I.lll. s. I]tlco]:iti]lty ill t]lc cstil]]atcs excmx]s

50[X)  at ral IgI;m alwvc 1 .5  k]n, as could  have Iwe]l mpcctd  frol~l the alllhiguit,y  calculations
ill (Ila(lda(l ct al, 1993). l“igurr  71) sllo~vs tlie  ill]})rovd  re su l t  wllcll OIIC uscs  tlleradal-t  I)IA
cstilllates assulnillg  that tlic  ])atll-illtcglatccl  attcl)uatioll  is tllc o1lC (:c)]lcs])O1lclillg  to l)rofilc
(;, llall)clj;  \.13clll,l  l])toaI  ll. ill. s.lll Jccltailltyc)fO.l  dllagaill. l“igum yc sllolvs tile  cstilllatcs
WIICI1 tile  I)IA ullccr~aillty  is assulncd to I)c 0.5 d]).  ‘1’l]c  uncertainty  ill tllcresultillg  rai~l-rate
csti]l)atcs  illcrcasm s l i g h t l y ,  but rml]ai]ls  far  SIIIall  CI tllall  that of tllc  radar-  o]lly Milllat(’s.
III fact, CVCII  at thr sllrfacc  rallgc  wllerc  it i s  lar~cst, tllc  r. ItI. s. ullccrtaillty  al[loullts  to a
r[’asollal)]c 30(,). l’igure Td shows tllc  raclal~-rzl(liol]lc’ter  cstilllates.  ITI t h i s  case ,  f igure  ,5
SIIOJVS  that tllc  ullcxvtailIty  il] tflc rclatjioll  l)ctJv(’cll  tllr l~riglltlicv+s tclll]x:ikturc  ‘!l~ & 279°1(
al)(l  tllc  radar attelluat)ioll  i s  quite  large. ‘J’lle  accuracy of tllc  l:iClalila(liolllctcl  estil Ilatcs
at IiiIIgCS twyolld  about  3 k m  i s  tllcrcfom q~lit~’  ~111satisfa~tov5 and  tllcir r.]n. s. ullcdaillty
is toll(’s])c)ll(lillgly  ]arp;c.

]1’illa]]y,  wc rctur]l  to t]le case wl)crc  our  radal Icfl(:ctivity  p]ofile  is tfl~ Al~h~Al~  ‘Jlcl(J’\-
C~OAl{l;l)rofilc  of figures  4al~c. l?igurctla  sliows ourradar-oll]y  algolitlllll’  sc:stilllatcs.  ‘1’llcir
associatd u]lccrtainty  i s  ullac.ccptably  IIigll. IJigure 81) SIIOWS tllc  radari-l’l  A e s t i m a t e s ,
assulni]lg  tliatl  tl)c l)atl]-illtcgratcd  attcnuatioll  is L]](’  ollc Cstilllatml  Ly colnparil]g  tllc  surface
rrtur]l  lvitll t h e ‘Lclcal-air  surface rctjur]l” as cxl)laillcd  in (I)urdel)  et al, 1994), Ila]llcly  3.9
dl~, u]) to a postulatd  r.m. s, ullcdaility  of 0.5 d]].  IL is lnost  illtcrmtillg  to colnparc  t h i s
csti]]]atm] ])rofilctotllco]lc ill figure%,  obtai Ild llsillg  tllclaclar+r  21(lic~l]l  ctclalg{)]itllll] \vitll
tllc  ]ncasurd  l)rightncss  tcmpcraturc  YL = 254.3° A’( Sillcc the calibrat,iorl  o f  A1/MAll’s
l)assivr ]Ilicrowa\’c Ill[:aslll.t’IIlcIlts  is IIot qu i te  coIn])lctc,  we lIavc coln])utcd  tllc  mtil]latcd
l)rofilcs cc)]I(:s})()]Icli]Ig  t o  ~i = 250°K (figure  S e ) ,  and  !Il =  2600A’ (figure  M). A s  the
l~l(~asurd  ll]icrowavc  tcmpmaturc  dccrcasm or illcrcascs, tflc rstil])atd profile follows suit
a])])ro])riatcly.

1{’uturcwork  will cone.c]ltratcoI]

● ]Ilakillg  the forward passive Inicrowavc  calculation) ]]]ore  realistic,

● il]cor})oratillg additio]lal passive I]]icrowavc  cl]a]lllcls,

●  aIId i]lcrcasi]lg tllc IIu Inljcr of v a r i a b l e s  t o  allow }/ a]ld d ( a n t i  lIeIIcc  tl]c d r o p  size

distribution]) itself) to vary as a function of ral]gc.
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2.55,  1) = 1.31, G

25!5, b = 1.31, (k

0.02s5.

0.02s5,

().0285,

l{adar-o]l]y  rail] estilnatmfor  an AI{MAI{ ])rofilc  lllc:(s~lr[(lc  l~l[il\grl’OGA  COAl{F;,
assu]]]i]lg a ❑ - 255, b = 1.31, 0 =. ().0285, $:. 1.1

IJull-da]sity  function  cstilllatcs  assutning d = 300, L = 1.4, 0 =- ().026, @ == 1 .0S

Si]l]])lifid  l’l A-7\ relation

l{adar-o]l]y  rail] f.=stimaics  for profi]c 1], assulllil]g  -0 .5< ~1 <3.5 a]id 0 . 0 8 <  A <0.23

liadar-{ I’IA rai]l csti]natcs  for profile 1], assurl]i]lg I)IA = 3.13 j- 0,1 dlj

l{adar+-l)lA rail] csti]natcs  for profile 11, assuinillg  l)IA = 3.1340.5 d])

l{adar+ radiolndm rail] cstilllatcx {or pmfilc 11, assu]]li]lg IL == 242.5°1{

ltadar-ollly  rain estimates for profi]c C, assul]ii]lg  -0.5< il <3.5 a]]d 0 .08<6<0.23

l{adar-tl’lA  raill cstilnatcs  for ]Jrofilc C, assumi]lg  1)1 A == 10.43- 0.1 d}]

l{a(lar+-l’l  A rail] estin]atcs  for ~)rofilc (.;, assutnil~g l)IA = 10.4 ~ 0.5 cl]]

l{adar-i  radimnctcr  rail} mtilnates  for ]JN)filcJ t;, assull)illg  1~ =. 279°1(

lladar-oll]y  rail] est imates AI{MA1{ / ‘J’()(; }f-C()Al{lt profile, assulllillg  -0.5 s i] s
;3.5 and 0.08 ~ 6< 0.2;3

l{adar+  I’IA rai]] cstir~latcs for ARhl Al{ / ‘1’()(JA-L~()AltlJ p r o f i l e ,  assu]]li]lg  lllA =
3.!) :1 ().5 d])
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